We prove a conjecture of Toponogov on complete convex surfaces, namely that such surfaces must contain an umbilic point, albeit at infinity. Our proof is indirect. It uses Fredholm regularity of an associated Riemann-Hilbert boundary value problem and an existence result for holomorphic discs with Lagrangian boundary conditions, both of which apply to a putative counterexample.
Introduction and Results
In this paper we prove the following Theorem: Theorem 1. Let P ⊂ R 3 be the image of a C 3,α -smooth embedding of R 2 into R 3 . Then the following three properties cannot hold simultaneously: I. P is geodesically complete with respect to the induced metric, II. P is convex: κ 1 · κ 2 ≥ 0, III. P is uniformly non-umbilic: ∃C > 0 such that inf P |κ 1 − κ 2 | > C. Here κ 1 , κ 2 are the principal curvatures of P .
The method of proof follows that of the proof of the Carathéodory conjecture [5] . Namely it uses the existence of many holomorphic discs to contradict Fredholm regularity of an associated Riemann-Hilbert problem, thereby proving the nonexistence of certain boundary surfaces for which the problem would be regular.
The first takes any sufficiently smooth surface P in R 3 to the collection of its oriented normal lines, considered as a surface P in the space L of all oriented lines.
Elementary properties of this correspondence imply that P is Lagrangian with respect to the canonical symplectic structure Ω on L. When P is strictly convex, P is the graph of a section of the bundle L → S 2 taking an oriented line to its direction. Moreover, a point on P is umbilic iff the corresponding oriented line on P is a complex point with respect to the canonical complex structure J on L [3] .
Thus take the non-umbilic convex plane P and construct the totally real, Lagrangian surface P in the Kähler 4-manifold (L, J, Ω, G). Properties I and II imply that this Lagrangian surface is a section over an open hemisphere, possibly with some boundary points. This follows directly from Lemma's 1 to 4 of [9] and is discussed further in the next section.
The second step considers P as the boundary condition in the boundary value problem for the Cauchy-Riemann equation. The following will be called the Riemann-Hilbert problem (RHP) with boundary condition P: the existence or otherwise of properly embedded discs f : (D, ∂D) → (L, P) which are holomorphic with respect to J:
where j is the standard complex structure on the disc. In section 3 the following is proven: 
where µ is the Keller-Maslov index of the loop f (∂D) ֒→P ֒→ (L, Ω) .
While the complex and symplectic structures are compatible, the associated inner product G has neutral signature (2, 2) and therefore surfaces may be both Lagrangian and complex. In general this poses difficulties for the standard Riemann-Hilbert problem.
However, the complex points on P correspond to umbilic points on P , where κ 1 = κ 2 , and so Property III implies that P is uniformly totally real. Theorem 2 then follows from standard arguments as outline in section 3 -see also [4] .
The next step is to note the existence of solutions of the Riemann-Hilbert problem under exactly these circumstances:
Theorem 3. Assume that P satisfying Properties I, II and III and let P be the associated plane in L. Then the Riemann Hilbert problem has a solution with boundary P.
This follows from Theorem 6.3.4 of [5] , which guarantees the existence of holomorphic discs with boundary lying on any totally real hemisphere. The proof involves co-dimension two mean curvature flow with respect to the canonical neutral metric and is discussed in section 4. Theorems 2 and 3 imply Theorem 1 as follows. Since the totally real boundary P is simply connected, the Keller-Maslov index is zero. Thus after subtracting off the dimension of the Möbius group, the dimension of the space of holomorphic discs is −1. Thanks to Theorem 2, by a perturbation of the boundary P any existing holomorphic disc would disappear.
But this contradicts Theorem 3. We conclude that there does not exist a plane P satisfying Properties I, II and III.
A remarkable aspect of Theorem 1 is its three natural corollaries. According to the Theorem, a plane that satisfies Properties I and II cannot satisfy Property III, and we have proven a conjecture of Victor Andreevich Toponogov [9] :
The second corollary is the following singularity theorem that follows from the fact that a plane that satisfies Properties II and III cannot satisfy Property I.
Corollary 5.
A convex uniformly non-umbilic plane is geodesically incomplete i.e. it has an edge in R 3 .
The final corollary comes from Properties I and III excluding Property II, which establishes the convex case of a conjecture attributed to John Milnor from 1965 [7] -see [1] for a recent discussion. Corollary 6. A complete uniformly umbilic-free plane cannot be convex.
In the next section we summarize the work of Toponogov on complete convex planes. The following section contains the proof of Theorem 2 that the associated Riemann-Hilbert problem is Fredholm regular. Section 4 contains the proof of Theorem 3 on the existence of holomorphic discs, while the final section contains the proof of Theorem 1.
Complete convex planes after Toponogov
In this section we review the work of Toponogov who proved the following: Proof. In Lemmas 1 to 4 of [9] , it is established that the plane P is a graph over a bounded convex domain.
In addition, after a rotation and translation, it is shown that P can be represented in cylindrical coordinates (r, φ, z), related to the standard Euclidean coordinates (x, y, z) through
so that the plane P is
Moreover, it is established that
In the strictly convex case, we have that r z (z, φ) > 0 and the Gauss image is an open hemisphere. For weakly convex planes, the Gauss image may include points on the boundary of the hemisphere. In Figure 1 a complete convex plane is illustrated. It is rotationally symmetric and therefore has an umbilic point at its tip, thus satisfying properties I and II, but not property III.
Fredholm Regularity of the Associated Riemann-Hilbert Problem
Given a smoothly embedded convex plane P ⊂ R 3 one constructs the associated Riemann-Hilbert boundary problem as described earlier. The oriented normal lines to such a plane P form a surface in the set of all oriented lines in R 3 and we consider the problem of finding a holomorphic disc whose boundary lies on this surface.
In more detail, let L be the space of oriented lines in R 3 with canonical complex structure J and symplectic structure Ω. These form a Kähler structure in which the metric G has neutral signature. It is easily seen that L ∼ = T S 2 , with canonical projection π : L → S 2 taking an oriented line to its unit direction vector in S 2 ⊂ R 3 .
Let P ⊂ R 3 be a smooth convex plane with a chosen orientation, and consider the set of oriented normal lines to P . These form a plane P ֒→ L with the following properties: Proposition 8. If the plane P satisfies Property III, then P is a uniformly totally real Lagrangian surface. In addition, the induced metric on P is Lorentz.
Proof. By Proposition 10 in [3] the oriented normals to any surface form a Lagrangian surface in L. Property III implies that P is uniformly totally real, as umbilic points on P correspond to complex points on P. Moreover, the signature of the induced metric is either Lorentz or degenerate, the latter occurring at complex points. Since the plane is totally real, the induced metric is Lorentz.
Given any smooth proper plane P , the associated Riemann-Hilbert Problem seeks to find a properly embedded holomorphic disc f : (D, ∂D) → (L, P). Moreover we seek to describe the set of all such holomorphic discs.
To analyze holomorphic discs in the complex surface (L, J) with boundary lying on P, set the following notation. Fix α ∈ (0, 1), s ≥ 1 and denote by C k+α and H 1+s the usual Hölder and Sobolev spaces, respectively. Denote
Define the space of Hölder Lagrangian boundary conditions by
This is a topological space defined by C 2+α proximity in the ambient space.
Assume there exists a C 3+α -smooth proper plane P 0 ⊂ R 3 that is uniformly non-umbilic, and let P 0 be the corresponding C 2+α -smooth uniformly totally real Lagrangian plane in L. Proposition 9. There exists a neighbourhood U ⊂ Lag of P 0 which is a Banach manifold modelled on the Banach space C 2+α (R 2 ).
Proof. Since P 0 is uniformly totally real, the complex structure J takes tangent vectors on P 0 to vectors transverse to P 0 . Thus Lag is locally modeled on the Banach space of functions on P 0 :
where G is the ambient Kähler metric and grad G is the gradient with respect to the induced non-degenerate Lorentz metric (non-degenerate because P 0 is totally real).
For s > 1, (2 − α)/2 = 1/s and a relative class A ∈ π 2 (L, P), the space of parameterized Sobolev-regular discs with Lagrangian boundary condition is defined by
where U is the Banach manifold neighbourhood of P 0 as above. The space F A is a Banach manifold and so the projection π : F A → U: π(f, P) = P is a Banach bundle. This is a Banach vector bundle over F A and the operator∂ is a section of this bundle.
Definition 10. The set of holomorphic discs with Lagrangian boundary condition is defined by
Proposition 11. There exists a neighbourhood of P 0 , denoted V ⊂ Lag, such that
Consider the linearization of∂ at (f, P) ∈ F A with respect to any J-parallel connection on H 1+s (F A ):
The following key points about this operator are standard: Proof. The proof follows from ellipticity of∂, the fact that the projection map π is Fredholm and the Sard-Smale theorem.
This proves Theorem 2.
Existence of Holomorphic Discs by Mean Curvature Flow
The second ingredient in the proof of Theorem 1 is the fact that, for any plane P ⊂ R 3 satisfying Properties I, II and III, there exist many holomorphic discs in L with boundary lying on the associated plane P ⊂ L. This is the content of Theorem 3.
This follows from the following modification of Theorem 6.3.4 of [5] :
Theorem 14.
[5] Let P be a C 3+α -smooth plane in R 3 satisfying Properties I, II and III. Let P ⊂ L be the oriented normals of P .
The proof of this Theorem involves only a minor modification of the proof of Theorem 6.3.4 in [5] -see also [6] . That is, a suitably chosen initial spacelike disc with boundary on P evolves to a holomorphic disc via mean curvature flow with respect to the neutral Kähler metric.
In the original proof totally real hemispheres play a large role, and by the work of Toponogov discussed earlier, these same Gauss hemispheres are the domains for the proper planes. All of the estimates required for this result, namely gradient and C 2 -estimates, are identical in the two cases, and will be omitted here.
Proof of Theorem 1
The proof of Theorem 1 now goes as follows. Suppose that a plane P 0 ⊂ R 3 exists that satisfies Properties I, II and III, and let P 0 ⊂ L be the set of normals to Moreover, Proposition 11 establishes that, passing to a smaller neighbourhood, the space of holomorphic discs with edge lying on points of the neighbourhood is a submanifold of the space of all smooth maps.
Since the Cauchy-Riemann operator with this boundary condition is Fredholm, applying the Sard-Smale theorem in Proposition 13 proves that for a dense open subset the Cauchy-Riemann operator with this boundary condition is surjective. We conclude that the dimension of the space of parameterized holomorphic discs is equal to the analytic index of the operator. By Proposition 12 this index is related to the Keller-Maslov index of the edge curve by I = µ + 2.
Consider a holomorphic disc with edge lying on P. By Proposition 2.1.3 of [5] , the Keller-Maslov index of the edge is the relative first Chern class of the edge which, for graphs over the same domain, counts the number of complex points inside the edge on P.
Suppose that the disc in P bounded by the edge of the holomorphic disc is totally real, so that µ = 0. Thus I = µ + 2 = 2 and, quotienting by the Möbius group of the disc, the space of unparameterised holomorphic discs is I − 3 = 2 − 3 = −1. This means that, for C 2+α boundary conditions, there cannot exist a holomorphic disc with edge on P.
We conclude that, should P 0 exist, then so would a nearby plane over which it is not possible to attach a holomorphic disc. Finally by Theorem 3, we have seen that it is always possible to attach a holomorphic disc to any such plane. We therefore conclude that there does not exist a proper C 3+α plane P 0 ⊂ R 3 satisfying Properties I, II and III, thereby proving Theorem 1.
